We study the best constant in Sobolev inequality with weights being powers of distance from the origin in n. In this variational problem, the invariance of n by the group of dilatations creates some possible loss of compactness. As a result we will see that the existence of extremals and the value of best constant essentially depends upon the relation among parameters in the inequality.
INTRODUCTION
We begin with recalling the famous theorem due to Giorgio Talenti where: IVul is the length of the gradientVu of u, q np/(n p) and ( -;r(n) ( 
1.2)
The equality sign holds in (1.1) if u has the form:
u(x) [a + blxlP/(P-1)] 1-n/p, (1.3) where Ix (x2 +." + x2) and a, b are positive constants.
The main purpose of the present paper is to study the best constant in the imbedding theorems for the weighted Sobolev spaces with weight functions being powers of Ix I. Namely, we are interested in the best constant S(p, q, , , n) in the following inequality:
[VulPlxl p dx > S(p, q, , , n) lulqlxl q dx (1.4) where u is any function in C (Rn) and [4] . The equality sign in this case also holds if u has the similar form in Theorem 1.1. Therefore we are interested in (1.4) when ot is a positive number. In this variational problem, the invariance of n by the group of dilatations creates some possible loss of compactness. As a result we show that the existence of extremal functions essentially depend upon the parameters (p, q, or,/, n). For example, there is no extremals if ot --/3 and p 2. Moreover if we restrict ourselves to the case when p 2, we can make clear the behavior of the best constant S(2, q, or,/3, n) rather precisely as a function of (q, or,/3, n) under the condition (1.5 (2) Assume that (1 ot + )p < n, 0 < lip 1/r < (1 ot + )/n and -n/q < , then the following imbedding mappings are compact:
In the assertion (2) 
MAIN RESULTS
We shall study the following variational problems. Assume that p, q, n, ot and/3 satisfy 1 <p<+cx, (1-c+fl)p<n,
and -n/q < t3 < Under these assumptions we set (3.2) (P) In the following problem we assume instead of the inequality (3.2) -n/q </3. we get an equivalent variational problem (P) for v C1 (]+)
where
and sn-ll is the area of n 1-dimensional unit sphere. This problem was solved by Talenti Here C is a positive number independent of each R and uj. Therefore we see (5.12). On the other hand, we may assume that for some numbers s, 6 When e tends to 0, we may assume that s s(e) also converges to some number g 6 [0, 1]. In case that g 0 or 1, then we see S >_ c / S e for any e > 0, and this contradicts to Sobolev inequality. Therefore, g 6 (0, 1).
Since (e) -+ 1 g, we have
(1 -)P/q]s > S, (5.17) and this is a contradiction.
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After all we see that under the condition (5.6) the minimizing sequence {u}.
1,p j=l c W, (IRn) and {PJ}-I are tight in L(IR n) and a space of all bounded measures on R n respectively. To see the existence of extremals, we need an apparent variant of the concentration compactness lemma due to Lions in [7] and [8] for any nonnegative integers k and/3 satisfying k < n 1 and/3 < or, and we consider the case k n. By the hypothesis of the induction, we see
Dn,cr
Dn-l,a l(n 1, ot k) -1. Proof ofLemma A. 4 Again we make use of the induction on the values of ot + n. We assume that (A.18) holds when ot + n < m. Now we assume that ot + n rn + 1 First we see that for any nonnegative integers ot and n P(n, ot + 1) 2P(n, or) + P(n 2, oe + 1).
(A.18) Then the desired equality (A.18) easily follows from these relations.
